
 
Boundedness of Pluricanonical Maps

of varieties of general type I

Following Hacon Mckernan

All varieties are over 0

X smooth projective variety of
general type i.e ax is big

Notation X DIP HEXWE
Since Wx is big Or is birational

for r 20

Question How large does he have to be

In particular does r depend on X

Notation r x denote the smallest

r foe which Pa is birational



Main Theorem For any ne IN

There is a number rn such that

if X is smooth prog variety of general

type din X n then

Or is birational for r rn

Definitions

D Boundedfamily of varieties

Xi is bounded if there is a

finite type map of varieties

A B such thateach

Xi is isomorphic to some fiberof IT



2 Birationally founded if the
same happens but each Xi is

only birational to a fiber of IT

3 Volume X integral prey var D

big divisor

Vol D limmgupnlhnly.in

n dimX

Properties D D is nef then

vol D
Diggins

2 Vol r D a Vol D



3 Vol Kx is bounded in a

bounded family of varieties of
general type

projective vars

Lemma X 9 Y birationalmap

U CX domain of definition of9
I effective divisor on Y Then

the divisor L on X extending 9 4
satisfies

Vol L roll

Proof Eg
X E y

9 a birational



L GEL E
p

effective divisor

Example X smooth prog var din n

assume Wy is big Fix me

L ample line bundle on X

SE HMX Lm D dir s
smooth divisor

Xo X D

L
x

is a line bundle LYX is trivial

Consider the mth cyclic cover of
X one D Ym

Ym X



Yom Xo
Yom Ym IT D

I IT is fully ramified
Ym at D

Dy HD red

MDy ITD

local calculation

Wy TEH t M DDy

Wy Ky t Mmt D

ay Lm

Yi Yz Yz
Wxin IT ax Lm



I
Vol Wynn m Vol Cox Lm

Vol wya o as m is

Ym are not a bounded

family



Motivation Sketch ofProof

Or X IP Hex WY
is birational its enough

to show at separates very

general points i.e there a countable

union of closed subvarieties of X

say Zi Zz s t

if my EX UZ then
i

HOLX Wi Eat Cly
is surjective



Sydis a curve of g 72
H EYKx P Q 0

r 3 for any PIQEX

So we get surjectivity

If din X 1 we'll use Nadel

vanishing in the following way

Prop Suppose there is also st

forany two very general points any
there is a Q divisor Day sit

D Day EdKx
2 K is an isolated point of ZeroesJoan
and Y E Zeroes I Day



Then de is birational if red

rex Edt

Proof Cox is big we choose mo

and an ample H sit

mKx Ht G

970 effective

G does not pass through
xd y

Dbey Day t r t G
m

CDKx Day I CDEAD ILAH

LENG



I IED H ample

Nadel vanishing H X WH T Day
o foe iz o

Dbe
y also satisfies condition 2

o WIT Day Wr
WE Attis

Nadel vanishing

H WY Ho wit Oxy pi

since it was an isolatedpoint of
zeroes of J D'sy we can choose



SE HEW that vanishes at y
but not at u

By symmetry we get the surjectivity

Main challenge bound A foewhich

we can produce Day want demo

Something slightly weaker is sufficient

Prop Suppose r X E AaayntB

for A B constants

Then there is an rust

r x Ern for all X ofgeneral type



ype

Pf Vol Kx 71 then

r X E ATB

Vol Kx I then

let drag X IPCHocx.ws

Z closure if d X

deg Z Erol ax rn volcax

Folk Bt Vol Kx

At Bel

Hypothesis if X is of general

type with volex E I then

X is birational to a bounded degree



subvariety of some projective space

Such varieties form a bounded

family

Lemma IT X B be a bounded

family of prog varieties of generaltype
Then there is an R 70 sit

if Y is a resolution of any
fiber of IT Then KY E R

Pf We consider a resolution of
fiber over each generic point of B and
use Noetherian induction a



Log Canonical Centers

X D pair i e X normal variety

div D s t Kxto is Q Cartier

µ X X log resolution of XD
ie Y smooth M proper

MCO VExcly has sac support

Write Kyt T Mckxto

T Edit T prime divisors

log discrepancy of 1 0 wart

Fi I Ai



A log canonical center is an

irreducible subva VC X s.t

V is the image of MCE
for some E prince divisor

sit 1 ale SO

A log canonical place is a valuation

corresponding to E as above

LLC X D D the set of all
log canonical coatees containing ax
d



Main lemma

X D pair see X closedpoint

a kit point of X and
X D is log canonical near se

If Wi Wz E LLC X D a and

W is irreducible component of Winnie
then WE LLC X D a

If 4,0 is not htt then LLCGion

has a unique minimal irred element

V



Moreover there is a Q divisor E

St LLC X C E Ot EE a

U for osed

Lemma let X D log pair se smooth

point of X If multnJ3dinXThenLLCCXiD.x
0

If malt 8 21 then

LLC X D 2 of


